Many-body localized systems in which interactions and disorder come together defy the expectations of quantum statistical mechanics: In contrast to ergodic systems, they do not thermalize when undergoing nonequilibrium dynamics. What is less clear, however, is how topological features interplay with many-body localized phases as well as the nature of the transition between a topological and a trivial state within the latter. In this work, we numerically address these questions, using a combination of extensive tensor network calculations, specifically DMRG-X, as well as exact diagonalization, leading to a comprehensive characterization of Hamiltonian spectra and eigenstate entanglement properties. We advocate that the scaling properties of entanglement features characterize many-body localized systems both in topological and trivial situations, but that no longer the entanglement entropy, but mixed-state entanglement measures such as the negativity -a concept inherited from quantum information -can meaningfully be made use of, due to the close to degenerate energy levels.
The paradigm of many-body localization (MBL) uplifts Anderson localization to a regime in which genuine interactions matter. 1, 2 It manifestly breaks ergodicity and expectations from quantum statistical mechanics 3 : once pushed out of equilibrium, [4] [5] [6] such quantum many-body systems will equilibrate, but retain too much memory of the initial conditions to fully thermalize. Indeed, the phenomenon of many-body localization is multi-faceted, giving rise to a plethora of phenomena that seem to have little in common at first sight. It is accompanied by an extensive number of quasi-local constants of motion, 7 by eigenstates in the bulk that generically exhibit entanglement area laws, 8, 9 and by a peculiar logarithmic growth of entanglement entropies. 10, 11 Reflecting this rich phenomenology, it is no surprise that the transition between an ergodic and localized regime has moved into the focus of attention. [12] [13] [14] [15] [16] What is less clear, at the same time, is how types of order come to play in this state of affairs. It has been shown that excited eigenstates can exhibit signatures of topological order, [17] [18] [19] yet the precise mechanism let alone the transition to the ergodic regime are not fully understood. This is partially due to a lack of methods to address this question. Tensor network methods [20] [21] [22] have been extended to be able to address properties of highly excited states [23] [24] [25] , prominently the DMRG-X method, 26 generalizing the density matrix renormalization group (DMRG) method 27 to capture highly excited states that feature an entanglement area-law.
In contrast, addressing the question how MBL and topological properties compete or co-exist has only recently moved into the center of attention. Naively, one would expect topological order to be absent in a regime in which disorder dominates driving the system into a MBL state. However, recently a model was proposed exemplifying that this is not always the case. 18, 19 We elaborate on this question using a combination of exact diagonalization and extensive tensor network, specifically DMRG-X, approaches to determine the topological properties in the presence of MBL. By studying typical hallmarks of MBL physics as well as topology, such as the energy level statics, fluctuations of local observables and entropy, we determine the phase diagram of the model proposed in Refs. 19, 28 , with variants discussed in Refs. 18, 29 . We do so in dependence of its genuine interaction parameters, see Fig. 1 .
A key observation of this work is that in order to achieve this goal, we need to replace the concept of entanglement entropy by mixed-state entanglement measures. This is due to the fact that in the presence of topological order, edge excitations lead to the appearance of almost degenerate quadruples of excited states which share the same local properties in the bulk of the system (so almost everywhere). As a consequence, the DMRG-X procedure, which relies on the fact that eigenstates close in energy differ substantially in real space (which holds true in the non-topological MBL regime), fails to resolve single eigenstates and instead determines a linear combination of these quadruples' quantum states in the topological phase. Observables characterized by the bulk-behavior, which are (almost) independent of the choice of this linear combination, can be determined reliably, while we will show that entanglement scaling is artificially reduced using DMRG-X.
Model. To be concrete, we focus on a specific model Hamiltonian, yet one that clearly shows the signatures at the heart of our argument. The system is governed by 19, 28 
where σ x,y,z i denote Pauli matrices supported on site i. Unless mentioned otherwise, we will work with a system of size L and open boundary conditions. The real pre-factors λ i , h i , and V i are random variables drawn from a Gaussian distribution with a standard deviation of σ λ,h,V . We choose σ λ = 1 for the rest of this work. Note that for V i = 0, the system can be mapped to non-interacting fermions via a Jordan-Wigner transformation.
Simple limits. For h i = V i = 0, the Hamiltonian of Eq. (1) takes the form of a sum of mutually-commuting operators, eigenstates as a function of σV for fixed σ h = 0.05 and various system sizes. The window from which the eigenstates are taken ranges from 0.4 to 0.6 in terms of the reduced energy with ∆E being normalized against its maximum at σ h = 0.05 and σV = 1.0. The topological phase has a four-fold degenerate spectrum (associated with the edge excitations) and is characterized by ∆E → 0 in the thermodynamic limit. The eigenstates are non-degenerate in the trivial phase (∆E > 0). Each data point represents an average over at least 99 disorder realizations. Bottom panel: High-energy (midspectrum) phase diagram in the σ h −σV plane for L = 14. This time, ∆E is normalized against σ h = 1.0 and σV = 1.0. The crossover between the topological and trivial phase (dashed line) is defined as ∆E = 0.2. The system remains many-body localized for any of these parameters (see Fig. 2 ). Here, each data point was evaluated with at least 99 disorder realizations as well. χ = 2 and hence features an entanglement area law, 30 which can be seen as a signature of localization. To this end, we rewrite
The eigenstates ofH 0 are product states. The operator e ih simply acts as a product of mutually commuting two-site quantum gates and transforms each product eigenstate state into matrix product states with a bond dimension of two upon conjugation: For every product state vector |P , e ih |P is such a matrix product state vector.
In the converse limit where h i and V i are large, the Hamiltonian takes the form of a classical Ising model whose eigenstates are product states in the σ x -basis; they are thus trivially localized but do not feature topological properties. This suggests that the system may be localized for any values of σ h,V but that a transition between a topological MBL phase and a trivial MBL phase occurs when σ h,V are increased. We will now confirm this scenario explicitly using a combination of exact diagonalization and DMRG-X numerics, when applicable (see above).
Topology: Spectrum degeneracy. We now show that the topological properties of highly-excited states survive for h i = 0, V i = 0. To this end, Eq. (1) is first solved by exact diagonalization. We characterize the topological phase by a four-fold degeneracy of the spectrum in the thermodynamic limit (finite systems feature exponential corrections) and the trivial phase by a non-degenerate spectrum.
In the top panel of Fig. 1 , we plot the normalized distance between the four consecutive eigenvalues ∆E, which serves as a measure for the degeneracy of the spectrum, as a function of σ V for fixed σ h = 0.05 and various system sizes L. Here, ∆E is normalized against its maximum (at σ h = 0.05 and σ V = 1.0), with the phase boundary being defined at ∆E = 0.2 in this normalization. The disorder sampling has been carried out such that the error is smaller than the symbol size, and we limited ourselves to mid-spectrum (high-energy) states in a window [0.4, 0.6] in terms of the reduced energy
, with E min and E max the minimum and maximum energy of the spectrum, respectively. For small (large) σ V , ∆E decreases (increases) with L. The data of Fig. 1 thus indicates that a transition between a highenergy topological phase and a trivial phase occurs around σ V ∼ 0.2. In the bottom panel of Fig. 1 , we show the degeneracy ∆E for fixed L = 14 in the σ h − σ V plane. The phase boundary (dashed line) was been defined via ∆E = 0.2, with ∆E again being normalized against its maximum (which occurs at ∆E at σ V = 1.0 and σ h = 1.0).
Many-body localization: Adjacent gap ratio. As a next step, we provide strong evidence that the system remains localized for arbitrary values of σ h and σ V . In the top panels of Fig. 2 , we show the distribution of the adjacent gap ratio (AGR) r for the mid-spectrum states ∈ [0.4, 0.6] and at least 99 repetitions of disorder configurations for fixed σ h = 0.05, various σ V = 0.1, 0.5, 1.0, and L = 14. For σ V = 0.1, the system is in the topological phase and thus features a sharp peak at r = 0, which signals the extensive number of quadruples of (close to degenerate) eigenstates given by the edge excitations. This peak vanishes when σ V is increased. The tail of the distribution always takes a Poissonian form, which is a hallmark of localization. For periodic boundary conditions, the spectrum is always non-degenerate, and the peak around r = 0 is absent from the AGR (as it is rooted in the edge excitations). The AGR is of a Poissonian form for arbitrary σ V (data not shown, but note the bottom panel of Fig. 2 ).
In the bottom panel of Fig. 2 , we show the relative weight of the Poissonian tail as a function of σ V for fixed σ h = 0.05. For small (large) σ V , this weight decreases (increases) with the system size, implying that more (less) weight is shifted into the peak at r = 0. This again provides strong substance that a transition between a topological and a trivial phase takes place around σ V ∼ 0.2. For periodic boundary conditions, the peak is absent and the AGR is of a Poissonian form. Entanglement negativity and bi-partite fluctuations. Next, we turn to discussing the entanglement properties of the system. Concomitant with many-body localization, we expected generic eigenstates to exhibit an entanglement area (volume) law 30 in a localized (ergodic) phase. In a system with a degenerate spectrum, the standard bi-partite entanglement entropy does not capture entanglement: It intertwines classical and genuine quantum correlations. From the perspective of entanglement theory, the entanglement entropy is a valid entanglement measure 31, 32 for pure but not for mixed quantum states. From the perspective of numerical stability, the entanglement entropy is at the same time not a stable quantity in situations in which degeneracies are smaller than machine precision (see the supplemental material for details). For this reason, we resort to the logarithmic entanglement negativity.
33,34
Both the negativity and its logarithmic counterpart are faithful entanglement measures also for mixed quantum states. [35] [36] [37] It is defined as
for a (pure of mixed) density operator ρ, where ρ Γ denotes the partial transpose of ρ in any basis of a distinguished subsystem. We stress that the use of the entanglement negativity instead of the entanglement entropy is required in any quantum many-body setting in which degeneracies in sub-spaces are becoming exponentially small in the system size.
We complement this analysis by studying the bi-partite fluctuations of {O i } (the analogue of the bi-partite spin fluctuations considered for the XXZ chain). Results are shown in the top and middle panel of Fig. 3 . For small σ V , we observe an area law. At σ V ∼ 0.1, both quantities saturate around L = 14, and for even larger σ V , we see volume-law behavior on the accessible system sizes. This implies that the localization length becomes larger than L for these parameters and casts doubts whether or not the transition from the topological to the trivial phase, which we observe for similar parameters (see Fig. 1 ), is an artifact of small system sizes and that the topological phase in fact remains stable for larger values of σ h and σ V (note, however, that the system becomes a trivial insulator in the Ising limit σ h , σ V → ∞).
DMRG-X. The DMRG-X method allows one to determine the matrix product state representation of a highly-excited, area-law obeying eigenstate in a MBL system even if the energy spacings are smaller than machine precision. It relies on the fact that eigenstates which are close in energy differ substantially in their spatial structure. In our case, the spectrum in the topological phase is (nearly) fourfold degenerate due to the edge excitations, and the corresponding states are almost identical in the bulk. One would thus expect that the DMRG-X cannot reliably resolve the eigenstates that differ only on their edges but instead yields a superposition (within the nearly four-fold degenerate subspaces) that minimizes the entanglement. This is analyzed in detail in the supplemental material.
In contrast, the fluctuations of {O i } (which are dominated by the bulk) can alternatively be calculated via the DMRG-X for much larger system sizes than those accessible via ED. Results are shown in the bottom panel of Fig. 3 and are consistent between DMRG-X and ED for the system sizes accessible to both. Going beyond the ED results in system size one observes a slow growth of the bi-partite {O i } fluctuations, which seems consistent with either logarithmic or linear growth in system size. There are several possible interpretations for this result: (i) The growth of fluctuations is linear and becomes logarithmic or constant only only at larger system sizes than accessible to us; this would however mean that the localization length is very large (although the perturbations are very small) or (ii) the localization length is actually small compared to the system sizes we study and the behavior we see is truly logarithmic, which is difficult to distinguish on the scales accessible 38 .
Conclusions.
We have characterized the interplay of manybody localization physics and topology in a spin model where these phases can coexist instead of excluding each other using a combination of exact diagonalization and DMRG-X methods. We have explained in what precise sense the entanglement entropy ceases to be a useful quantity to characterize many-body localization in the presence of topological order due to the degeneracy of the spectrum linked to edge excitations and introduced the entanglement negativity as its natural replacement. Using this tool as well as the adjacent gap ratio, we can map out the full phase diagram including the topological-trivial transition with the many-body localized spin system under scrutiny. While the entropy negativity is beyond a DMRG-X ansatz in the topological phase of the diagram (due to a superposition of states which are degenerate and differ locally in space only by edge excitations), other quantities (which are dominated by the bulk) such as bi-partite fluctuations of local operators should still be determined faithfully. Using this we gain access to system sizes far beyond the limitations of exact diagonalization and find a sluggish growth of bi-partite fluctuations of local observables, which is consistent with both linear or logarithmic behavior (which is difficult to distinguish even on these larger system sizes). This leaves two likely conclusions: either the behavior is linear meaning that the localization length is surprisingly large in the system studied or the behavior is logarithmic, which unambiguously can be proven only at even larger system sizes and should be subject of future investigations. It is the hope that the present work -bringing together ideas of condensed matter and quantum information theory -provides a machinery to identify phases of matter and further flesh out the interplay of disorder and topological signatures.
SUPPLEMENTAL MATERIAL

DMRG-X as a tensor network method
The DMRG-X method is a tensor network method that has been introduced in Ref. 1 as a tool to determine the matrix product state representation of a highly-excited but localized eigenstate in a disordered system in one spatial dimension. The fact that eigenstates generically satisfy area laws for entanglement entropies in the many-body localized regime 2, 3 renders the method applicable. The method was been developed and tested for the disordered XXZ chain governed by
, where h i are random fields for each i. The key idea is to prepare the system in a random product state in z direction, which becomes an eigenstate of H in the limit of large h i . Thereafter, DMRG sweeps are carried out, but instead of choosing the lowestenergy state during each 1 or 2-site DMRG step (as is done for a ground state calculation), one picks the state which has maximum overlap with the prior state. This accounts for the fact that localized eigenstates which have similar energy differ vastly in their spatial structure, and one can determine the matrix product state representation of an excited eigenstate with up to machine precision.
This DMRG-X method can be generalized straightforwardly to the Hamiltonian at hand. One prepares the system in an eigenstate of H 0 , each of which can be written as a matrix product state with a bond dimension of χ = 2 (see the main text). In practice, these states can be constructed using a simple recursive algorithm.
In Fig. S1 , we show the energy variance as well as the truncation error as a function of the DMRG-X sweeps for a system with σ h = 0.05, σ V = 0, and L = 50. The bond dimension χ FIG. S1. Evolution of the truncation error and energy variance during the DMRG-X sweeps for σ h = 0.05, σV = 0, L = 50. The system is initially prepared in a mid-spectrum state of H0. The bond dimension χ is successively increased. When we double χ, the truncation error is zero during the next sweep explaining why the logarithm of the truncation error is missing at the points where χ is doubled.
is successively increased, and one eventually obtains an eigenstate of the system up to machine precision. The data shown in the bottom panel of Fig. 3 was obtained this way (although not to χ = 24); the DMRG-X and the ED results agree within the error bar (which stems from the disorder sampling). However, this result needs to be taken with caution, as we will now discuss.
Entanglement entropy for nearly-degenerate spectra and the failure of DMRG-X
In Fig. S2 , we show the naively-computed bi-partite entanglement entropy for the same parameters as used in the bottom panel of Fig. 3 . One can see that for L = 8, 10, the results agree with those obtained via ED. For larger L, the DMRG-X data is smaller than the ED result. This is counterintuitive (due to the expected area law) and can be understood as follows. The spectrum of H is four-fold degenerate up to finite-size corrections. Any numerical method is bound by machine precision, and one would expect that as L is increased, the DMRG-X can no longer discern between two almost-degenerate states and will converge into a superposition of states which minimizes the entanglement. This is a consequence of a bias towards low entanglement states in the DMRG and DMRG-X, respectively.
In order to confirm this scenario, we determine an eigenstate for L = 14 using the DMRG-X (for the parameters of Fig. S2 where the DMRG-X yields an entanglement entropy which is smaller than the ED result). We then calculate the entire spectrum via ED and compute the overlap of the DMRG-X state with all eigenstates. We find that the DMRG-X state is in fact a superposition of two states which are close in energy (but whose energy difference can still be resolved within the ED). The superposition of these states has a smaller entanglement than each individual state (see Fig. S3 ). Chain length L Thereafter, the Hamiltonian is diagonalized exactly, and the overlap of |ΨDMRG-X with all Hamiltonian eigenvectors is computed. We find that the DMRG-X state is a superposition of two states which are close in energy (but whose degeneracy can still be resolved within the ED), |ΨDMRG-X = cos(α)|Ψ1 + e iφ sin(α)|Ψ2 . This superposition has a smaller entanglement than |Ψ1,2 .
To summarize, in a system with a nearly-degenerate spectrum (such as the one at hand where the edges of an open system lead to a four-fold degeneracy), the DMRG-X converges into a superposition of two (or four) eigenstates with minimal entanglement once the error that builds up during all DMRG operations due to machine precision is not sufficient to distinguish these states. One should note that an ED calculation will eventually face the same issue. The fact that the bi-partite spin fluctuations shown in the bottom panel of Fig. 3 agree reasonably with ED can be interpreted as a sort of 'local thermalization' between the (two or four) almost-degenerate eigenstates. However, this remains a hypothesis, and the DMRG-X results in Fig. 3 need to be taken with caution.
Hamiltonians with exact matrix product eigenstates
The above Hamiltonian is an example of a class of Hamiltonians that feature exact matrix product eigenstates by construction. IfH 0 is a 1-local Hamiltonian with product eigenstates and h a k-local Hamiltonian consisting of mutually commuting terms, then H 0 = e ihH 0 e −ih † is a 2k − 1 local Hamiltonian. Since the eigenstates are obtained from products under conjugation, each eigenstate is a matrix product state of bond dimension at most 2 (2k−1)/2
, and hence strictly localized, satisfying an exact entanglement area law for every Renyi entropy. 4 
